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1
, $\lambda=(\lambda_{1}, \lambda_{2}, \cdots)$ $0$
. $\lambda$ , $| \lambda|=\sum_{i}\lambda_{i},$ $l(\lambda)=\#\{i:\lambda_{i}\neq 0\}$
, $\lambda$ , . $\lambda$ Young (Ferrers )
$D(\lambda)=\{(i,j)\in \mathbb{P}^{2}:1\leq j\leq\lambda_{i}\}$
( , $\mathbb{P}$ ) .
( ) . ,
$D(4,3,1)=$
. $D(\lambda)$ (standard tableau) , $\lambda$ Young
1, 2, $\cdots,$ $n$ $($ $n=|\lambda|)$ 1 ( ,
$T$ : $D(\lambda)arrow\{1,2, \cdots, n\})$ , ,
. ,
$T=$ $\ovalbox{\tt\small REJECT}_{5}^{8641}732$
$D(4,3,1)$ . $D(\lambda)$ STab $(\lambda)$
.
$\lambda$ Young $v=(i,j)\in D(\lambda)$ , $D(\lambda)$
$H_{D(\lambda)}(i,j)=\{(i,j)\}\cup\{(i, l)\in D(\lambda):l>j\}\cup\{(k,j)\in D(\lambda):k>i\}$
$v$ (hook) , $h_{D(\lambda)}(v)=\# H_{D(\lambda)}(v)$ (hook length)
. , .
1.1. (Frame-Thrall-Robinson [2]) $\lambda$ $n$ , $D(\lambda)$
$\#$ STab $( \lambda)=\frac{n!}{\prod_{v\in D(\lambda)}h_{D(\lambda)}(v)}$ (1)
.
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, . $\lambda$ , $D(\lambda)$
(reverse plane partition) , $D(\lambda)$
( , $D(\lambda)$ $\mathbb{N}$ $\sigma$ : $D(\lambda)arrow \mathbb{N}$ )
, , . $| \sigma|=\sum_{(i,j)\in D(\lambda)}\sigma(i, j)$
. ,
$\sigma=$
, $D(4,3,1)$ , $|\sigma|=12$ . $D(\lambda)$
$\mathcal{A}(D(\lambda))$ . ,
12. $\lambda$ ,




$\sigma\in \mathcal{A}(D(\lambda))$ $v\in D(\lambda)$
.
(b) (Gansner [5]) $\mathcal{A}(D(\lambda))$
$\sum$
$z^{tr(\sigma)}=$ $\prod$ $\frac{1}{1-z[H_{D(\lambda)}(v)]}$ (3)






, (3) $z_{i}$ $z$ (2) . , Stanley
[17] P-partition , (2) (1) .
, $\lambda$ Young $D(\lambda)$ , $\mu$ (





. $S(\mu)$ , ,
$H_{S(\mu)}(i,j)$
34
$=\{(i,j)\}\cup\{(i, l)\in S(\mu):l>j\}\cup\{(k,j)\in S(\mu):k>i\}\cup\{(j+1, l)\in S(\mu):l>j\}$
$H_{S(\mu)}(i, j)$ , 1.1, 12
. ( , [5] .)
, d-complete , , 1.1, 1.2
. ( , [15], [10], [7], [8] .)
, Gansner (3) (
d-complete ) $(q, t)$ . , (3)
$\prod_{v\in D(\lambda)}\frac{(tz[H_{D(\lambda)}(v)];q)_{\infty}}{(z[H_{D(\lambda)}(v)];q)_{\infty}}$
$($ , $(a;q)_{\infty}= \prod_{i\geq 0}(1-aq^{i})$ $)$ . ,
Schur Macdonald .
, MacMahon $(q, t)$ Vuleti\v{c} [18]
.
, \S 2 d-complete , \S 3
$(q, t)$ . \S 4 , Macdonald , Young
, Young \S 3 ( ) .
2 d-complete
d-complete , Proctor
, Young $D(\lambda),$ $S(\mu)$ , jeu de taquin . (
, [13], [14], [15], [16] .) , d-complete
, linear extension Peterson ((1) ),
P-partition Peterson-Proctor ((3) )
.
, . $P$ 2 $x,$ $y$ (
$x\leq y)$ , $[x, y]=\{z\in P:x\leq z\leq y\}$ , $P$ $P$
. , $\#[x, y]=2$ ( , $x<y$ , $x<z<y$
$z\in P$ ), $y$ $x$ . $P$ Hasse
, $P$ .
$P$ . $\# P=n$ , $e$ : $Parrow\{1,2, \cdots, n\}$
( , $P$ $x\leq y$ $e(x)\leq e(y)$ ) , $P$
linear extension . $P$ linear extension $\mathcal{L}(P)$ .
$\sigma$ : $Parrow \mathbb{N}$ ,
$P$ $x\leq y$ $\mathbb{N}$ $\sigma(x)\geq\sigma(y)$
, P-partition . P-partition $\mathcal{A}(P)$
.
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$\lambda$ Young $D(\lambda)$ , $\mu$ Young $S(\mu)$ , $i\leq k$
$j\leq l$ $(i, j)\geq(k, l)$ , .
, $D(4,3,1),$ $S(4,3,1)$ Hasse
. , $D(\lambda),$ $S(\mu)$ linear extension, P-partition , $D(\lambda)$ ,
$S(\mu)$ , .
, d-complete , $d_{k}$ , $d_{k}^{-}$ .
2.1. 3 $k$ , $2k-2$ , Hasse
$d_{k}(1)$ , double-tailed diamond :
( , $d_{3}(1)$ $D(2,2)$ , $d_{4}(1)$ $S(3,2,1)$ .) , $d_{k}(1)$
$d_{k}^{-}(1)$ .
$P$ .
(a) $P$ $d_{k}(1)$ $d_{k}$ .
(b) $k\geq 4$ , $P$ $d_{k}^{-}(1)$ $d_{k}^{-}$ .
(c) $P$ 3 $x,$ $y,$ $w$ , $x,$ $y$ $w$
$d_{3}^{-}$ .
. , $d_{3}^{-}$ , Proctor [13], [14]
.
2.2. $P$ . 3 (Dl), (D2), (D3) $k$
, $P$ d-complete :
(Dl) $P$ $I$ $d_{k}^{-}$ , $I$ $v$ , $I\cup\{v\}$
$d_{k}$ .
(D2) $I=[w, v]$ , $v$ $u$ $P$ , $u\in I$
.
36
(D3, $I,$ $I$’ $d_{k}^{-}$ , $w,$ $w$ ’ $I,$ $I’$ ,
$I-\{w\}=I’-\{w’\}$ , $I=I’$ .
2.3. (a) (rooted tree) , , 1 Hasse
, d-complete .
(b) double-tailed diamond $d_{k}(1)$ d-complete .
(c) $\lambda$ Young $D(\lambda)$ d-complete .
(d) $\mu$ Young $S(\mu)$ d-complete .
d-complete , .
2.4. ([13, \S 3]) $P$ d-complete . ,
(a) $P$ 1 .
(b) $P$ . , $r$ : $Parrow \mathbb{N}$ , $y$ $x$
$r(y)=r(x)+1$ .
2.5. $P$ ,
$T=$ { $x\in P$ : $y\geq x$ , $y$ 1 }
, $P$ top tree . $T$ $P$ Hasse ( )
.
2.6. ([14, Proposition 8.6]) $P$ d-complete , $T$
top tree . $I$ $\# I=\# T$ , $c$ : $Tarrow I$ , 3
$c$ : $Parrow I$ :
(Cl) $x,$ $y$ , $c(x)\neq c(y)$ .
(C2) $[w, v]$ ( , ) , $c(x)(x\in[w, v])$
.
(C3) $[w, v]$ $d_{k}$ , $c(w)=c(v)$ .
$c$ : $Parrow I$ d-complete .
2.7. (a) $\lambda$ Young $D(\lambda)$ , top tree
$T=\{(1,1)\}\cup\{(1,2), \cdots, (1, \lambda_{1})\}\cup\{(2,1), \cdots, (l(\lambda), 1)\}$
, $I=\{-l(\lambda)+1, \cdots, -1,0,1, \cdots, \lambda_{1}-1\}$ ,
$c(i,j)=j-i$ $((i,j)\in D(\lambda))$
d-complete .
(b) $\mu$ $($ $l(\mu)\geq 2)$ Young $S(\mu)$ ,
top tree
$T=\{(1,1), (1,2), \cdots, (1, \mu_{1})\}\cup\{(2,2)\}$
37
, $I=\{0,0’, 1,2, \cdots, \mu_{1}-1\}$ ,
$0$ ( $i=j$ $i$ )
$c(i,j)=$ $\{$ $0’$ ( $i=j$ $i$ )
$j-i$ $(i\neq i$ $)$
d-complete .
, $D(4,3,1),$ $S(4,3,1)$ , d-complete
. , top tree $\circ$ .
, d-complete , . $($
.)
2.8. $P$ d-complete . $c$ : $Parrow I$ d-complete
, $z=(z_{i})_{i\in I}$ . , $v\in P$ $h_{P}(v)$
$z[H_{P}(v)]$ :
(a) $v$ ,
$h_{P}(v)=\#\{w\in P:w\leq v\}$ ,
$z[H_{P}(v)]= \prod_{w\leq v}z_{c(w)}$
.
(b) $v$ $d_{k}$ $[w, v]$ ,
$h_{P}(v)=h_{P}(x)+h_{P}(y)-h_{P}(w)$ , $z[H_{P}(v)]= \frac{z[H_{P}(x)]\cdot z[H_{P}(y)]}{z[H_{P}(w)]}$ .
, $x,$ $y$ $d_{k}$ $[w, v]$ 2 .
, .
2.9. (Peterson) $P$ d-complete , $\# P=n$ .
, $P$ linear extension
$\#\mathcal{L}(P)=\frac{n!}{\prod_{v\in P}h_{P}(v)}$ (4)
.
2.10. (Peterson-Proctor) $P$ d-complete , $c$ : $Parrow I$
d-complete , $z=(z_{i})_{i\in I}$ . , P-partition
$\sum_{\sigma\in \mathcal{A}(P)}z^{\sigma}=\prod_{v\in P}\frac{1}{1-z[H_{P}(v)]}$ (5)
38




. 2.9 1989 Peterson ,
Peterson . , 2.10 , Proctor
[15] , ,
. , 29 [10] [7]
, 2.10 [8] .
3
, Peterson-Proctor (5) $(q, t)$ . , $q,$ $t$
. $n,$ $m$ ,
$f_{q,t}(n;m)= \prod_{i=0}^{n-1}\frac{1-q^{i}t^{m+1}}{1-q^{i+1}t^{m}}$
.
3.1. $P$ d-complete , $v_{0}$ , $r$ : $Parrow \mathbb{N}$
. $T$ $P$ top tree , $c$ : $Parrow T$ d-complete $c(v)=v$





$W_{P}( \sigma;q, t)=\frac{s.t.x<y,c(x)\sim c(y)s.t.c(x)=v0}{\prod_{x,y\in P}f_{q,t}(\sigma(x)-\sigma(y);e(x,y))f_{q,t}(\sigma(x)-\sigma(y);e(x,y)-1)}$
(6)
$s.t$ . $x<y,c(x)=c(y)$
. , $T$ $c(x)$ $c(y)$ $c(x)\sim c(y)$
,
$d(x, y)= \frac{r(y)-r(x)-1}{2}$ , $e(x, y)= \frac{r(y)-r(x)}{2}$
. $(c(x)\sim c(y)$ $r(y)-r(x)$ , $c(x)=c(y)$ $r(y)-r(x)$
.)
32. (a) $P=D(3,3)$ , , $D(3,3)$
,
$W_{D(3,3)}($ $;q,$ $t)$





(b) $P=S(3,2,1)$ , , $S(3,2,1)$ ,




$W_{P}(\sigma;q, t)$ . $P$
$i$ $\hat{P}=P$ $\{i\}$ , top tree $\hat{\tau}=\tau u\{i\}$






$W_{P}( \sigma;q, t)=\frac{s.t.x<y,\hat{c}(x)\sim\hat{c}(y)}{\prod_{x,y\in P}f_{q,t}(\sigma(x)-\sigma(y);e(x,y))f_{q,t}(\sigma(x)-\sigma(y);e(x,y)-1)}$
$s.t$ . $x<y,c(x)=c(y)$
. , $\hat{c}$ : $\hat{P}arrow\hat{T},\hat{\sigma}$ : $\hat{P}arrow \mathbb{N}$ $\hat{c}(i)=i,\hat{\sigma}(i)=0$
$c,$ $\sigma$ .
3.3. $P$ d-complete . ,
$\sum_{\sigma\in \mathcal{A}(P)}W_{P}(\sigma;q, t)z^{\sigma}=\prod_{v\in P}\frac{(tz[H_{P}(v)];q)_{\infty}}{(z[H_{P}(v)];q)_{\infty}}$ . (7)
, $q=t$ , $f_{q,q}(n, m)=1,$ $W_{P}(\sigma;q, q)=1,$ $(tx;q)_{\infty}/(x;q)_{\infty}=$
$1/(1-x)$ , Peterson-Proctor (5) $q=t$ 3.3
. , , Young $D(\lambda)$ , Young $S(\mu)$
33 . ,
3.4. ( [9]) $P$ , 33 .
3.5. ( [4]) $P=d_{5}(1)$ , 33 .
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4 Young , Young
Macdonald , Young $D(\lambda)$ , Young $S(\mu)$
33 . . ( [9]
.)
4.1. (a) ( [9], [1]) $\lambda$ , $P=D(\lambda)$ 33
.
(b) ( [9]) $\mu$ , $P=S(\mu)$ 33
.
1 , profile
Macdonald $Q_{\tau}$ ( 4.5) . ,
, Okounkov [11], [12]
.
$\mu$ Young $S(\mu)$ $\sigma$ : $S(\mu)arrow \mathbb{N}$




$\sigma[0]=(2,1,0)$ , $\sigma[1]=(2,0)$ , $\sigma[2]=(3,1)$ , $\sigma[3]=(2)$
. , $\sigma[0]$ $\sigma$ profile . $S(\mu)$ $\tau$ profile
$\mathcal{A}(S(\mu);\tau)$ .
, $\alpha,$ $\beta$ , $\alpha_{1}\geq\beta_{1}\geq\alpha_{2}\geq\cdots$ , , Young
$D(\lambda)/D(\mu)$ ( 1 ) , $\alpha\succ\beta$
. ,
42. $\sigma$ : $S(\mu)arrow \mathbb{N}$ , :
(i) $\sigma$ .
(ii) $\sigma[k]$ ,
$\{\begin{array}{ll}\sigma[k-1]\succ\sigma[k] ( k \text{ } \mu \text{ })\sigma[k-1]\prec\sigma[k] ( k \text{ } \mu \text{ })\end{array}$
.
Macdonald . ( [6, Chap. VI] .)
$q,$ $t$ $F$ A , A
$\langle p_{\lambda},p_{\mu}\rangle=\delta_{\lambda,\mu}z_{\lambda}\prod_{i=1}^{l(\lambda)}\frac{1-t^{\lambda_{i}}}{1-q^{\lambda_{i}}}$
41
( , $p_{\lambda}$ , $\lambda=(1^{m_{1}},2^{m_{2}},$ $\cdots)$ $z_{\lambda}= \prod_{i}i^{m_{i}}i!$ )
. , Macdonald $P_{\lambda}=P_{\lambda}(X;q, t)$ 2
:
(i) $P_{\lambda}$ $m_{\mu}$ , $P_{\lambda}=m_{\lambda}+ \sum_{\mu<\lambda}u_{\lambda,\mu}m_{\mu}(u_{\lambda,\mu}\in F)$
.
(ii) $\lambda\neq\mu$ , $\langle P_{\lambda},$ $P_{\mu}\rangle=0$ .
$\{$ , $\}$ $\{P_{\lambda}\}$ $\{Q_{\lambda}=Q_{\lambda}(X;q, t)\}$ :
$\langle P_{\lambda},$ $Q_{\mu}\rangle=\delta_{\lambda,\mu}$ .
, A . $k$ , $g_{k}=Q_{(k)}$ , $g_{k}$
$g_{k}^{+}$ , $g_{k}^{-}$ . , $f,$ $h\in\Lambda$ ,





. , $D(z)$ : $\Lambdaarrow\Lambda$
$D(z)P_{\lambda}=z^{|\lambda|}P_{\lambda}$
. , Macdonald Pieri [6, Chap. VI,










. [6] , $\varphi_{\alpha,\beta}^{\pm}$ arm, leg ,
.
42, 43 , $\mathcal{A}(S(\mu);\tau)$
:
42
44. $\mu$ . $N\geq\mu_{1}$ $N$ ,
$\epsilon=(\epsilon_{1}, \cdots, \epsilon_{N})$
$\epsilon_{k}=\{\begin{array}{ll}+ ( k \text{ } \mu \text{ })- ( k \text{ } \mu \text{ })\end{array}$
. $\sigma\in \mathcal{A}(S(\mu))$ ,
$z^{tr(\sigma)}= \prod_{(i,j)\in S(\mu)}z_{j-i}^{\sigma(i,j)}$
, $V_{S(\mu)}( \sigma;q, t)=\prod_{k=1}^{N}\varphi_{\sigma[k-1],\sigma[k]}^{\epsilon_{k}}(q, t)$
, $l(\mu)$ $\tau$ $\mathcal{A}(S(\mu);\tau)$







$\tilde{z}_{0}=1$ , $\tilde{z}_{k}=z_{0}z_{1}\cdots z_{k-1}$ $(k\geq 1)$
.
44 (8) , $G^{+}(u),$ $G^{-}(u),$ $D(z)$
$D(z)\circ G^{+}(u)=G^{+}(zu)$ $\circ D(z)$ ,
$D(z)oG^{-}(u)=G^{-}(z^{-1}u)\circ D(z)$ ,
$D(z)\circ D(z’)=D(zz’)$ ,
$G^{-}(u)\circ G^{+}(v)=F(uv;q, t)G^{+}(v)\circ G^{-}(u)$
$($ , $F(x;q,$ $t)=(tx;q)_{\infty}/(x;q)_{\infty}$ $)$ . ( [6, Chap. III, 5.
Ex. 8] .) , $D(z)1=G^{-}(u)1=1$
,
$\sum_{n=0}^{\infty}g_{n}(X;q, t)u^{n}=\prod_{i}F(x_{i}u;q, t)$ ,
$\prod_{i,j}F(x_{i}y_{j};q, t)=\sum_{\tau}Q_{\tau}(Y;q, t)P_{\tau}(X;q, t)$
([6, Chap. VI, (2.8), (4.13)] ) . ,
$\sum_{\tau}R_{S(\mu),\tau}(z;q, t)P_{\tau}(X;q, t)$
$= \prod_{\mu_{k}^{c}<\mu\iota}F(\tilde{z}_{\mu_{k}^{c}}^{-1}\tilde{z}_{\mu\iota};q, t)\sum_{\tau}Q_{\tau}(\tilde{z}_{\mu_{1}}, \cdots,\tilde{z}_{\mu_{r}};q, t)P_{\tau}(X;q, t)$
. $P_{\tau}(X;q, t)$ , .
43
45. 44 ,
$\sum_{\sigma\in \mathcal{A}(S(\mu);\tau)}V_{S(\mu)}(\sigma;q, t)z^{tr(\sigma)}=\prod_{\mu_{k}^{c}<\mu_{l}}\frac{(t\tilde{z}_{\mu_{k}^{c}}^{-1}\tilde{z}_{\mu_{l}};q)_{\infty}}{(\tilde{z}_{\mu_{k}^{c}}^{-1}\tilde{z}_{\mu_{l}};q)_{\infty}}\cdot Q_{\tau}(\tilde{z}_{\mu_{1}}, \cdots,\tilde{z}_{\mu_{r}};q, t)$
.
45 , 4.1 .
4.1 . (a) 2.7 d-complete , $z_{v}(v\in T)$
$z_{c(v)}$ . $\lambda$ , $r=\#\{i:\lambda_{i}\geq i\}$ ,
$\mu,$ $\nu$
$\mu_{i}=\lambda_{i}-i+1$ , $\nu_{i}={}^{t}\lambda_{i}-i+1$ $(1\leq i\leq r)$
( , ${}^{t}\lambda$ $\lambda$ ) , $\pi\in \mathcal{A}(D(\lambda))$ ,
$S(\mu),$ $S(\nu)$ $\sigma,$ $\rho$ profile
. ,
$\pi=$ $\sigma=$ $\rho=$
. , $W_{D(\lambda)}(\pi;q, t),$ $z^{\pi}$
$W_{D(\lambda)}( \pi;q, t)=\frac{1}{b_{\tau}(q,t)}V_{S(\mu)}(\sigma;q, t)V_{S(\nu)}(\rho;q, t)$ , $z^{\pi}=x^{tr(\sigma)}y^{tr(\rho)}$
. , $\tau=\sigma[0]=\rho[0]$ ,
$b_{\tau}(q,$ $t)=\langle P_{\tau},$
$P_{\tau} \}=\prod_{i\leq j}\frac{f_{q,t}(\tau_{i}-\tau_{j+11}j-i)}{f_{q,t}(\tau_{i}-\tau_{j1}j-i)}$ ,
$x_{0}=z_{0}^{1/2}$ , $y_{0}=z_{0}^{1/2}$ , $x_{k}=z_{k}$ , $y_{k}=z_{-k}$ $(k\geq 1)$
. , $C$ auchy [6, Chap. VI, (4.13)]
$\sum_{\tau}\frac{1}{b_{\tau}(q,t)}Q_{\tau}(X;q, t)Q_{\tau}(Y;q,t)=\prod_{i,j}F(x_{i}y_{j};q, t)$
, $P=D(\lambda)$ (7) .
(b) ( [3] .) 2.7 d-complete , $z_{v}(v\in T)$
$z_{c(v)}$ . , $W_{S(\mu)}(\sigma;q, t)$
$W_{S(\mu)}( \sigma;q, t)=\frac{b_{\tau}^{e1}(q,t)}{b_{\tau}(q,t)}V_{S(\mu)}(\sigma;q, t)$
. , $\tau=\sigma[0]$ ,




. , $\lambda$ , $r(\lambda)=\#$ { $i$ : $\lambda_{i}$ } ,
$\lambda_{1}+\lambda_{3}+\cdots=\frac{1}{2}(|\lambda|+r({}^{t}\lambda))$ , $\lambda_{2}+\lambda_{4}+\cdots=\frac{1}{2}(|\lambda|-r({}^{t}\lambda))$
,
$z^{\sigma}=\{\begin{array}{ll}[Matrix]^{(|\tau|+r(\tau))\prime 2}z^{tr(\sigma)}t ( l(\mu) \text{ })[Matrix]^{(|\tau|-r())’ 2}z^{tr(\sigma)}\iota_{\Gamma} ( l(\mu) \text{ })\end{array}$
. , Warnaar Schur-Littlewoo$d$ [19, (1.18)]
$\sum_{\lambda}a^{r({}^{t}\lambda)}b_{\lambda}^{e1}(q, t)P_{\lambda}(X;q, t)=\prod_{i}\frac{(atx_{i)}q)_{\infty}}{(ax_{i)}q)_{\infty}}\prod_{i<j}\frac{(tx_{i}x_{j};q)_{\infty}}{(x_{i}x_{j};q)_{\infty}}$
, $a,$ $x_{i}$ $a^{1/2},$ $a^{1\prime 2}x_{i}^{1’ 2}$ , $a^{-1\prime 2},$ $a^{1\prime 2}x_{i}^{1/2}$ ,
$\sum_{\lambda}a^{(|\lambda|+r(\lambda))\prime 2}\frac{b_{\lambda}^{e1}(q,t)}{b_{\lambda}(q,t)}Q_{\lambda}(X;q, t)t=\prod_{i}\frac{(atx_{i)}q)_{\infty}}{(ax_{i};q)_{\infty}}\prod_{i<j}\frac{(tax_{i}x_{j};q)_{\infty}}{(ax_{i}x_{j};q)_{\infty}}$ ,
$\sum_{\lambda}a^{(|\lambda|-r({}^{t}\lambda))/2}\frac{b_{\lambda}^{e1}(q,t)}{b_{\lambda}(q,t)}Q_{\lambda}(X;q, t)=\prod_{i}\frac{(tx_{i};q)_{\infty}}{(x_{i)}q)_{\infty}}\prod_{i<j}\frac{(tax_{i}x_{j}.;q)_{\infty}}{(ax_{i}x_{j},q)_{\infty}}$
, , $P=S(\mu)$ (7) .
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